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Introduction

THE methods of Krylov-Bogoliubov and Kato-Temple (to
be referred to as the Krylov and Kato methods, respective-

ly) for determination of the bounds on natural frequencies are
generalized in this Note to the case of an unconstrained
mechanical system. The eigenfrequencies o> and eigenvectors x
of free vibrations of a discretized elastic system are defined as
the solution of the equation

(1)

where the stiffness matrix K and the mass matrix M are sym-
metric and positive definite or semidefinite. Given a certain
approximation XQ of an eigenvector x, the Krylov1 method
supplies the following estimate of the eigenvalue:

1
r<CO Z <-

1

where

a2 = xlMK~

(2)

(3)

(4)

Assume that the eigenvalues are numbered in ascending order,
as

and values ju. and v are known such that 1/ju, is an upper bound
to u\_ i and \/v is a lower bound to c»4+ 1

(5)
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Then, the Kato2 formula can be applied for determination of
bounds on eigenvalue co2, as

1 1
P+(o2-p2)/(p-v) (6)

The Krylov method is usually applied for computation of
values fji and v, which are then used in the Kato formulas,
often supplying more restrictive bounds than those of the
Krylov method alone. For example, these methods were ap-
plied in Refs. 3 and 4 to error estimates of the eigenvalue ap-
proximations obtained through the elimination of variables.
They may serve as well as reliable termination criteria in
iteration methods determining eigenvalues (especially the
subspace iteration method).5

Since Eq. (4) contains the inverse of the stiffness matrix K,
the above formulas can be used only for constrained systems
for which K is nonsingular. When a structure and/or its part
can undergo displacements as a rigid body (without storing
potential deformation energy), its stiffness matrix is singular.
In the case of such an unconstrained structure, there are two
possibilities of determining error bounds for eigenfre-
quencies.

The first one can be applied only if the mass matrix M is
nonsingular. As the eigenproblem,

Mx=(\/u2)Kx (7)

is equivalent to Eq. (1) for co5*0, each nonzero eigen-
frequency can be estimated by the use of the Krylov and
Kato formulas, in which co is replaced by lAo and the roles
of K and M are interchanged.

The second method of removing the singularity of K con-
sists in eigenvalue shifting, that is, the addition of the vector
aMx(oi>Q) to both sides of Eq. (1) leads to the eigenprob-
lem

(K+ctM)x= (a?2 + a)Mjc (8)

In order to apply the methods of Krylov and Kato, the non-
singular matrix K+aM must be inverted.

The aim of this Note is to present an alternative method
that uses the flexibility matrix of the system under considera-
tion, one in which the statically determinable constraints
(removing all the rigid-body modes) are imposed.

Eigenproblem Formulation
for Unconstrained Structure

Suppose that the system has n degrees of freedom, in-
cluding r rigid-body degrees. Then there exists a matrix R of
rigid-body modes, containing r linearly independent columns
and satisfying the equation

^ = 0 (9)

It is easy to notice that the rigid-body modes are the solu-
tions of the eigenproblem represented by Eq. (1) for co = 0.
Besides, there exist m — n — r linearly independent eigen-
vectors xl,x29...ixm associated with the nonzero eigen-
frequencies and called deformation modes

(10)

They are known to have the orthogonality properties, which
can be written after suitable normalization as

= du and j = X;6/y ( ij = 1 , . . . ,m )

where bt is the Kronecker's delta and

(11)

(12)
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Furthermore, the deformation modes are M orthogonal to
rigid-body modes

RTMxf = Q ( /= l,2,...,w) (13)

This fundamental fact becomes apparent after multiplication
of both sides of Eq. (10) by RT and taking into account Eq.
(9) as well as the fact that co/^O.

Denoting with P the projection operator in the direction of
the rigid-body modes onto the M orthogonal subspace leads
to

P = I-RM~1RTM (14)

where

M=RTMR (15)

The following relations result from Eqs. (13-15) and (9):

PR = 0 PXi=Xi (16)

PTM=MP = PTK=K (17)

It has been proved6"7 that each deformation mode satisfies
the equation

(18)

where X, is related to co/ by Eq. (12) and C is the flexibility
matrix of the system on which a set of r statically deter-
minable constraints has been imposed.

Bounds on Eigenvalues
Suppose a vector xa is an approximation of a certain

deformation mode. It can be expanded in terms of all
eigenvectors, including the rigid-body modes, as

xa= (19)

where z is a vector of dimension r. Vector JCG defined as the
projection of xa in the direction of rigid body nodes onto the
M orthogonal subspace,

has the following form implied by Eq. (16)

(20)

(21)

Vector XQ is a better approximation of the eigenvector than
xa because it has no rigid-body components. Being M or-
thogonal to the rigid-body modes, XQ satisfies the identity

XQ = PXQ

Using Eqs. (21) and (18), vector w

can be put into the form

(22)

(23)

(24)

Assuming a certain approximation p to the eigenvalue, vec-
tor v can be defined as

v = w-px0 (25)

which, by virtue of Eqs. (24) and (21), can be expressed as

777

(26)

(27)

(28)

Let e2 be the following scalar quantity:

e2 = vTKv/x%KxQ

Assuming that \k is an eigenvalue such that

\\k—p\ =min \\ — p\

and taking Eqs. (26), (21), and (11) into consideration results
in

m i 777

Therefore,

(29)

(30)

which is equivalent to the following bounds on an eigenvalue

1 , 1
p + e p-e (31)

The optimum value of p and convenient formula for
calculating e can now be derived. Using Eq. (25), the defini-
tion of e2 in Eq. (27) can be put into the form

1
(32)

According to Eqs. (24), (10), and (21), the product Kw is
equal to

Thus,

(33)

(34)

It is easy to see that the smallest value of e2 is attained for
the value of p defined by Eq. (3) and that

where
a2 =

Equations (23), (17), and (22) imply that

(35)

(36)

(37)
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Using Eqs. (20) and (17), the formulas for p and a can be
represented in terms of xa as

p=-
xT

aPTMPxa

xaKxa

xlPTMCMPxa xlMPTCPMxn

xT
nPTKPxn

(38)

(39)

We have obtained ultimately Eqs. (38) and (39) or Eqs. (3)
and (37) for o and p, which—after substituting into Eqs. (28)
and (35)—produce bounds on an eigenvalue of the un-
constrained system. Equations (28) and (35) are equivalent to
the inequality equation (2) of Krylov, while Eqs. (37-39) ex-
tend Eqs. (3) and (4) for p and a.

The next step is to generalize the Kato theorem. With this
aim, the following vectors are created:

i;, = w-

where a and 0 are such numbers that no eigenvalue
between them. Equations (21) and (24) imply that

(40)

, lies

(41)

which, through Eq. (11), yields

m , m
= ^yj (\-a) (\ -0) / £ 72

/=.! ' /=!
(42)

This inequality can be rearranged by using Eqs. (3), (33),
(36), and (40)

1

Numbers \L and v satisfy Eq. (5), i.e.,

(43)

(44)

which means that no eigenvalue A, lies between v and \k, so
a = v and (l = \k can be substituted into Eq. (43), obtaining

a2 — vp
p — v p — v

Analogously assuming « = /* and ft = \k results in

. *2-p2

(45)

(46)

Combining Eqs. (45), (46), and (12) leads to the inequality
equation (6) of Kato with generalized formulas for p and a.

Conclusions
It has been proved in this Note that Eqs. (2-4) and (6) of

Krylov and Kato are valid for an unconstrained structure,
provided that the eigenvector approximation x0 satisfies Eq.
(22) and the matrix K~l is replaced—as in Eq. (37)—by the
flexibility matrix C of the system subjected to a minimum

number of constraints that remove the rigid-body motion. If
an eigenvector approximation xa is not M orthogonal to the
rigid-body modes and therefore does not satisfy Eq. (22), it
should be replaced by the vector XQ according to'Eq. (20) or
else Eqs. (38) and (39) for p and a should be used instead of
Eqs. (3) and (37).

Although matrix C appears in Eqs. (37) and (39), the value
of a is independent of the choice of the constraints used for
determining matrix C. This results from Eqs. (36) and (24),
which show that a can be expressed as a function of the
values 7/, which are unique coefficients of expansion of the
vector xa in terms of the eigenvectors. The fact that in Eq.
(39) the value of a is constant for different C can be explain-
ed by the constancy of matrix PTCP, while the invariability
of a in Eq. (37) is a consequence of Eq. (22) being imposed
on*0.

It should be stressed that C and P, which are full matrices
of dimension «, need not be given explicitly, because only a
multiplication of a vector by these matrices need be com-
puted in order to determine p and a. Multiplication of a vec-
tor by the matrix C can be performed by using the lower
triangular matrix L (usually band) obtained from the
Cholesky decomposition of the stiffness matrix of the system
with constraints. Matrix L is also useful for computation of
the matrix R. Calculation of Pxa can be founded on Eq. (16)
by

(47)

(matrix MR of dimension n x r was formed during the deter-
mination of M).

The method presented here is an extension of the theorems
of Krylov and Kato, but it is not just a trick for avoiding the
singularity of the stiffness matrix—as in the case of the alter-
native methods based on Eqs. (7) and (8). Its advantage oc-
curs when the matrices P and C (or rather R and L) are
known—for example, are computed during determination of
the eigenvector approximations. It has been successfully ap-
plied for estimating the error of eigenvalue approximations
obtained as a result of elimination of variables of an un-
constrained structure.8 It can also be used easily for deter-
mination of eigenvalue error at each step of the subspace
iteration method based on Eq. (18).
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